We consider a computational model for complex-fluid-solid interaction based on a diffuse-interface model for the complex fluid and a hyperelastic-material model for the solid. The diffuse-interface complex-fluid model is described by the incompressible Navier-Stokes-Cahn-Hilliard equations with preferential-wetting boundary conditions at the fluid-solid interface. The corresponding fluid traction on the interface includes a capillarystress contribution, and the dynamic interface condition comprises the traction exerted by the non-uniform fluid-solid surface tension. We present a weak formulation of the aggregated complex-fluid-solid-interaction problem, based on an Arbitrary-Lagrangian-Eulerian formulation of the Navier-Stokes-Cahn-Hilliard equations and a proper reformulation of the complex-fluid traction and the fluid-solid surface tension. To validate the presented complex-fluid-solid-interaction model, we present numerical results and conduct a comparison to experimental data for a droplet on a soft substrate.
Introduction
Complex fluids are fluids that consist of multiple constituents, e.g. of multiple phases of the same fluid (gas, liquid or solid) or of multiple distinct species (e.g. water and air). The interaction of such complex fluids with elastic solids leads to multitudinous intricate physical phenomena. Examples are durotaxis, viz., seemingly spontaneous migration of liquid droplets on solid substrates with an elasticity gradient [19] , or capillary origami, viz., large-scale solid deformations induced by capillary forces [17] . Complex-Fluid-Solid Interaction (CFSI) is moreover of fundamental technological importance in a wide variety of applications, such as inkjet printing and additive manufacturing.
Despite significant progress in models and computational techniques for the interaction of solids and classical fluids (see [4, 20] for an overview), and for complex fluids separately (see, e.g., [1, 2, [11] [12] [13] 15] ), complex-fluidsolid interaction has remained essentially unexplored. A notable exception is the computational CFSI model based on the Navier-Stokes-Korteweg equations in [6] .
In this contribution we consider a computational model for complex-fluid-solid interaction based on a diffuse-interface complex-fluid model and a hyperelastic solid model with a Saint Venant-Kirchhoff storedenergy functional. The diffuse-interface complex-fluid model is described by the incompressible Navier-StokesCahn-Hilliard (NSCH) equations. The interaction of the complex fluid with the solid substrate is represented by dynamic and kinematic interface conditions and a preferential-wetting boundary condition. The traction exerted by the complex fluid on the fluid-solid interface comprises a non-standard capillary-stress contribution, in addition to the standard pressure and viscous-stress components. The dynamic condition imposes equilibrium of this complex-fluid traction, the traction exerted by the hyperelastic solid and the traction due to the non-uniform fluid-solid surface tension. We present a weak formulation of the aggregated complex-fluid-solid-interaction problem, based on an Arbitrary-Lagrangian-Eulerian (ALE) formulation of the NSCH system and a suitable weak representation of the complex-fluid traction and the non-uniform fluid-solid surface tension.
To evaluate the capability of the considered complex-fluid-solid-interaction model to describe elasto-capillary phenomena, we consider numerical experiments for a test case pertaining to a droplet on a soft substrate, and we present a comparison to experimental data from [18] .
The remainder of this contribution is organized as follows. Section 2 presents a specification and discussion of the considered complex-fluid-solid-interaction problem. In Section 3 we treat the weak formulation of the aggregated fluid-solid-interaction problem. Section 4 is concerned with numerical experiments and results. Concluding remarks are presented in Section 5.
Problem Statement
To accommodate the complex-fluid-solid system, we consider a time interval (0, T ) ⊆ R>0 and two simply- 
Navier-Stokes-Cahn-Hilliard Complex-Fluid Model
We consider a complex fluid composed of two immiscible incompressible constituents, separated by a thin diffuse interface. The behavior of the complex fluid is described by the Navier-Stokes-Cahn-Hilliard (NSCH) equations. The two species are identified by an order parameter ϕ : Ω f t → [−1, 1]. Typically, ϕ is selected as either volume fraction [1, 12, 13] or mass fraction [11, 15] , such that ϕ = 1 (resp. ϕ = −1) pertains to a pure species-1 (resp. species-2) composition of the fluid, and ϕ ∈ (−1, 1) indicates a mixture. Depending on the definition of the phase indicator ϕ as mass or volume fraction, and the definition of mixture velocity as mass-averaged or volume-averaged species velocity, various forms of the NSCH equations can be derived. In mass-averaged-velocity formulations, the mixture is generally quasi-incompressible. In volume-averaged-velocity formulations, the mixture is incompressible. We select ϕ as volume fraction and consider a volume-averagedvelocity formulation. The behavior of the complex fluid is described by [2, 13] :
(1) (11), (13) and (14) are typically furnished with Dirichlet or Neumann boundary conditions:
with n the exterior unit normal vector to ∂Ω 
with un and wn the normal velocities of the fluid and of the boundary, respectively. Material boundaries satisfy un = wn and, accordingly, the penultimate term in (3) vanishes. Therefore, the contribution of Γ µ N to production of ϕ vanishes if g µ N = 0. An important alternative to (22) , is the nonlinear Robin-type conditioñ σ ∂nϕ + σ W (ϕ) = 0 on ΓW (4)
(σ1 + σ2) the surface tension of the complex-fluid-solid interface, and σ1 > 0 and σ2 > 0 the fluid-solid surface tensions of species 1 and 2, respectively; see [14] . Note that σW(·) provides an interpolation of the pure-species fluid-solid surface tensions, i.e. σW(1) = σ1 and σW(−1) = σ2. Equation (4) describes preferential wetting of ΓW by the two fluid components. In particular, the angle θs = arccos((σ2 − σ1)/σ) corresponds to the static contact angle between the diffuse interface and ΓW (interior to fluid 1). Interaction of the complex fluid (1) with a solid substrate is modeled by Dirichlet condition (21), (homogeneous) Neumann condition (23), and preferential-wetting condition (4).
Hyperelastic Saint Venant-Kirchhoff Solid Model
We consider a hyperelastic solid with Saint Venant-Kirchhoff stress-strain relation. Denoting the initial density of the solid byρ := ρ0 :Ω s → R>0, the solid deformationχ s :Ω s → Ω s t satisfies the equation of motion:
withP the first Piola-Kirchhoff stress tensor and∇· the divergence operator in the reference configuration.
For hyperelastic materials,∇ ·P is the vector-valued function such that The identification of the reference configuration and the initial configuration yields the initial condition χ s 0 = Id. Equation (5) is generally furnished with Dirichlet or Neumann conditions:
with gχ D and gχ N deformation and traction data onΓχ D andΓχ N , respectively.
Interface Conditions
The complex fluid (1) and solid (5) are interconnected at the interface by kinematic and dynamic interface conditions. The kinematic condition identifies the mixture velocity and the structural velocity at the interface. This condition can be interpreted as a Dirichlet boundary condition for fluid velocity in accordance with (21):
Kinematic condition (7) constitutes a partial solid-wall condition for (1). The condition is complemented by a homogeneous Neumann condition (23) to impose conservation of phase, and wettability boundary condition (4). The dynamic condition imposes equilibrium of the fluid and solid tractions and the traction exerted on the interface by the fluid-solid surface tension. The traction due to the fluid-solid surface tension is given by the Young-Laplace relation for non-uniform surface tension according to Σ fs = σW(ϕ)κ n + ∇ΓσW(ϕ), with κ as the additive curvature of Γt and ∇Γ(·) the tangential gradient on Γt; see, e.g., [10] . We adopt the convention that curvature is negative if the osculating circle in the normal plane is located in the fluid domain. The complex fluid in (1) exerts traction Σ f := pn − τ n +σ ∂nϕ∇ϕ on the interface; cf. (21) . Note the capillary-stress contribution,σ ∂nϕ∇ϕ, to the fluid traction. The traction exerted by the solid (5) isΣ s := −Pn withn the exterior unit normal vector to ∂Ω s ; cf. (6) . To account for the fact that fluid traction and surface-tension traction are expressed in the current configuration and solid traction is expressed in the reference configuration, we consider the dynamic condition in distributional form:
with dŝ and ds the surface measures carried byΓ and Γt, respectively. A precise interpretation of (8) based on weak traction evaluation is presented in Section 3.2.
Weak Formulation
In this section we present a consistent weak formulation of the fluid-solid-interaction problem in Section 2. We first consider a weak Arbitrary-Lagrangian-Eulerian (ALE) formulation of the NSCH system (1) in Section 3.1. Section 3.2 presents a weak formulation of aggregated FSI problem, including a weak formulation of the solid subsystem (5) and an appropriate weak formulation of the traction exerted by the fluid on the solid at the interface in conformity with the dynamic condition.
ALE Formulation of NSCH Equations
To accommodate the motion of the fluid domain, we consider a weak formulation of (1) in ALE form. The weak formulation is set in the current configuration. The deformation of the fluid domain,χ f , induces domain velocityŵ := ∂tχ f . To derive the ALE formulation, we note that
for allẑ ∈ C ∞ (Ω f ) and ψ ∈ C ∞ (Ω f t ), with z =ẑ •χ −1 and w =ŵ •χ −1 . The identities in (9) follow from the transport theorem and ∂t(ẑ •χ −1 ) = −w · ∇z. From (9) it follows that (11) and (13) subject to (2) can be recast into the weak ALE form:
with ρu, v = Ω f t v · ρu and ϕ, z = Ω f t z ϕ, and
From (12) and (14) , the Neumann condition in (22) and the wetting condition (4), we moreover infer:
with AP(ϕ; µ, y) =
It is important to note that the fluid-solid interface satisfies Γt ⊆ ΓW ∩ Γ 
Aggregated Fluid-Solid-Interaction Problem
From the equation of motion of the solid in (5), we infer the weak formulation:
for allx ∈ C ∞ (Ω s , R d ). The ultimate term in (14) constitutes the solid traction on the interface. The dynamic condition imposes that this term coincides with the right-hand side of (8) . Noting that Γt ⊆ ∂Ω (10)- (11) convey that the fluid-traction contribution can be expressed as: (15) provides a weak formulation of the traction functional in the left member of (15) , in the sense that the identity (15) holds for all solutions of (1) for which the left-hand side of (15) is defined, but the right-hand side is defined for a larger class of solutions to (1) with weaker regularity; see also [16, 21, 22] . The contribution of the fluid-solid surface tension in the right-member of (8) can be reformulated as:
and IdΓ t the identity on Γt and υ the exterior unit normal vector to ∂Γt in the tangent bundle of Γt; see [3, 8] .
Let us note that the right member of (17) Given a vector space V and a time interval (0, T ), W (0, T ; V ) represents a (suitable) class of functions from (0, T ) into X(ω).
We collect the ambient spaces for the fluid and solid variables into 1 :
For conciseness, we assume g Find (u, p, ϕ, µ,χ s − Id) ∈ W (0, T ; V ) such that almost everywhere in (0, T ) :
with w = ∂thχs |Γ •χ −1 and x =x •χ −1 , and the aggregated linear form:
It is to be noted thatχ s −Id represents solid displacement. Furthermore, by virtue of (v+ x| Γ t )|Γ t =x|Γ•χ
and (u + w| Γ t )|Γ t = ∂tχ|Γ •χ −1 , the test spaces for the equations of motion of the fluid and the solid and the trial spaces for the fluid and solid velocity in (19) are essentially continuous across the interface.
Numerical Experiments
To evaluate the predictive capabilities of the presented CFSI model, we consider numerical approximations of (19) for the experimental setup in [18] . The test case concerns a 13.8 pl droplet on a soft substrate; see We incorporate the rotational symmetry of the experimental setup in the discrete approximation of (19) . The considered approximation spaces are based on a locally refined mesh, adapted to the diffuse interface; see Fig. 1 (right ) . We apply Raviart-Thomas compatible B-spline approximations for velocity (u) and pressure (p) with order ((3, 2), (2, 3)) and 2, respectively; see [7, 9] (19) is based on backward Euler approximation of the time derivatives, with time step 0.5 ms. In each time step, the aggregated fluid-solid interaction problem is solved by means of subiteration with underrelaxation; see, for instance, [5] . Figure 2 (left ) presents a comparison of the computed interface configuration, Γt, at t ∈ {0, 0.5, 1, 2, 4, 8, 16} ms and experimental data from [18] . At t = 16 ms, the interface has essentially reached its equilibrium deformation. The surface tension of the fluid-fluid interface yields a localized load on the fluid-solid interface near the contact line, resulting in a kink in the surface deformation of the soft substrate. In addition, the fluid-fluid surface tension leads to an increased pressure in the droplet relative to the ambient pressure (see also Fig. 2  (right ) ), viz. Laplace pressure, and a corresponding depression of the substrate. Comparison of the experimental and computed results conveys that the fluid-solid interface elevation at the contact line is underestimated by approximately 25%. The underestimation can be attributed to the regularizing effect of the diffuse interface. It is anticipated that further reduction of the diffuse-interface thickness ( ) and corresponding refinement of the mesh leads to an increase in the fluid-solid interface elevation at the contact line. The indentation of the substrate below the droplet is noticeably overestimated. In this regard, it is to be mentioned that on account of the nearly incompressible behavior of the solid, its volume at t = 16 ms has decreased by only 0.16% relative to the initial volume. Comparison of the computed fluid-solid-interface configuration Γt at t ∈ {0, 0.5, 1, 2, 4, 8} ms (grey) and at t = 16 ms (black ) and rendering of experimental results from [18] (left), and magnification of the contact-line region at t = 16 ms with deformed fluid and solid meshes and computed pressure distribution (right).
Conclusion
We presented a model for the interaction of a complex fluid with an elastic solid, in which the complex fluid is represented by the Navier-Stokes-Cahn-Hilliard (NSCH) equations and the solid is characterized by a hyperelastic material with a Saint Venant-Kirchhoff stored-energy functional. The interaction between the fluid and the solid at their mutual interface is described by a preferential-wetting condition in addition to the usual kinematic and dynamic interface conditions. The fluid traction on the fluid-solid interface comprises a non-standard capillary-stress contribution, and the dynamic condition contains a contribution from the nonuniform fluid-solid surface tension. A weak formulation of the complex-fluid-solid-interaction (CFSI) problem was presented, based on an ALE formulation of the NSCH system and a suitable reformulation of the complexfluid traction and the fluid-solid surface-tension traction.
Numerical results were presented for a stationary droplet on a soft solid substrate, based on finite-element approximation of the weak formulation of the aggregated CFSI problem. Comparison of the computed results with experimental data for the considered test case exhibited very good agreement in the contact-line region. The substrate depression below the droplet was noticeably overestimated relative to the experimental data. In view of the close agreement between the computed pressure in the droplet and the theoretical Laplace pressure, it appears that the discrepancy between the computed and observed depression is to be attributed to corresponding differences in the constitutive behavior of the solid substrate. The overall good agreement between the computed and experimental data indicates the potential of computational CFSI models based on the NSCH equations to predict elasto-capillary phenomena.
